A CLASS OF HARMONIC FUNCTIONS WITH REAL COEFFICIENTS 

DEFINED BY CONVOLUTION 



SUMIT NAGPAL AND V. RAVICHANDRAN 



Abstract. For given two harmonic functions $ and ^ with real coefficients in the open 
unit disk D, we study £ 
(a n ,b n > 0) satisfying 



unit disk D, we study a class of harmonic functions f(z) — z — J2^=2 a « z ™ + S^Li 



Re ) J . { > a 0<o<l,«6D ; 

(/**)(*) 

* being the harmonic convolution. Coefficient inequalities, growth and covering theo- 
rems, as well as closure theorems are determined. The results obtained extend several 
known results as special cases. In addition, we study the class of harmonic functions / 
that satisfy Ref(z)/z > a (0 < a < 1, z € B). 



1. Introduction 

Let % denote the class of all complex-valued harmonic functions / in the open unit 
disk D = {z G C : \z\ < 1} normalized by /(0) = = f z (0) — 1. Such functions can be 
written in the form f — h + g, where 

oo oo 

(1.1) h(z) = z + a nZ n and g(z) = y^^b n z n 

n=2 n=l 

are analytic in D. We call h the analytic part and g the co-analytic part of /. Let Sh be 
the subclass of H consisting of univalent and sense-preserving functions. In 1984, Clunie 
and Sheil-Small [4] initiated the study of the class Sh and its subclasses. Recent works 
in this direction include those of [13 HE] - 

For analytic functions <p(z) = z + ^^=2 a n zn and ip(z) = z + Yl^=2 A n z n , their convo- 
lution (or Hadamard product) is defined as (0 *i/j)(z) = z + Yl^=2 a n,A n z n , z6D. In the 
harmonic case, with / = h + g and F = H + G, their harmonic convolution is defined as 
f * F = h* H + ~gVG. 

Let T% be the subclass of H consisting of functions / = h + g so that h and g take 
the form 



(1.2) h(z) = z-Y,a n z n , g(z) = ^2b n z n (a n ,b n >0). 

n=2 n=l 

Motivated with the work of Juneja et al. [TT] (in the analytic case) and making use of 
the convolution structure for harmonic mappings, we study a new subclass T"H(&i, ^f, a) 
introduced in the following: 
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2 S. NAGPAL AND V. RAVICHANDRAN 

Definition 1.1. Suppose that i,j G {0, 1}. Let the functions $j, ^ given by 

oo oo oo oo 

$^=^ + ^^+(-1)^^ and V 1 (z)=z + J2u n z n + (-iyJ2 



are harmonic in D with p n > u n > (n = 2, 3, . . .) and q n > v n > (n — 1, 2, . . .). Then 
a function / e H is said to be in the class H($j, \F,-; a) if and only if 

(,3) (,e D ), 

where * denotes the harmonic convolution as defined above and < a < 1. Further we 
define the class T"H($«, a) by 

r^($i, a) = H(®i, a) n TH. 

The family T"H($j, \F/; a) includes a variety of well-known subclasses of harmonic func- 
tions as well as many new ones. For example 



and 



are the classes of sense-preserving harmonic univalent functions / which are starlike of 
order a (0 < a < 1) and convex of order a (0 < a < 1) respectively (see [SI El IB]). These 
classes were studied by Silverman and Silvia [J8] for the case a = 0. Recall that starlike 
functions of order a and convex functions of order a are characterized by the conditions 

Aarg/^e*) > a and A ^ arg |jL/( re *)Jj > a> (0 < < 2vr, < r < 1) 

respectively. In the similar fashion, it is easy to see that the subclasses of T% introduced 
by Ahuja et al. [H[2], Dixit et al. [SI EJ, Frasin p], Joshi [TO], Murugusundaramoorthy et 
al. [121 131 EE] and Yalgin et a/. [191 120] are special cases of our class T"H($i, a) for 
suitable choice of the functions and 

In Section [21 we obtain the coefficient inequalities, growth and covering theorems, as 
well as closure theorems for functions in the class T~H(^i, ^fj] a). Additionally, we present 
results for the class of harmonic functions / that satisfy Re f(z) / z > a (0 < a < 1, z & U>) 
in the last section of the paper. 

2. The Class TH($i, 

The first theorem of this section provides a sufficient coefficient condition for a function 
to be in the class \F,; a). 

Theorem 2.1. Let the function f = h + g be such that h and g are given by (11.11) . 
Furthermore, let 

OO OO / 1 x 

p n -aU n ^ q n - {-ly CtV n 

: Or,. < 1 



(2.1) LiT7 kl+ E 



i — a 

n=2 n=l 
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where < a < 1, i, j G {0, 1}, p n > u n > {n = 2,3, . . .) and q n > v n > {n = 1, 2, . . .). 
Then f e^($i,%;a). 

Proof. Using the fact that Rew > a if and only if \w — 1| < \w + 1 — 2a |, it suffices to 
show that 



(2.2) 
where 



and 



\A(z) + (1 - 2a)B(z)\ - \A(z) - B{z)\ > 0, 

oo oo 

A(z) = (f * 3>i)(z) =z + J2 a nVnZ n + (-1)' ^ b n q n z n 



n=2 



n=l 



B(z) = (f 3 )(z) = z + ^a n u n z n + (-l) j ^b n v n i 



n=2 



n=l 



Substituting for A(z) and B(z) in (12.21) and making use of (12. II) we obtain 
\A(z) + (l-2a)B(z)\-\A(z)-B(z)\ 

oo oo 

2(1 - a)z + Y,(Pn + (1 - 2a)u n )a n z n + ^(g n + (-1)^(1 - 2a)v n )b n z n 

n=2 n=l 

oo oo 

^2(Pn ~ U n )a n Z n + (-1)* ^(<?n - (-iy~' l V n )b n Z 



n=2 

oo 



> 2(1 - a)\z\ - J2(Pn + (1 - 2aK) 

n=2 

oo 



n=l 



«n ) a„, \\z 



>n ""nl 



n=2 



2(1 - a)|z| 



> 2(1 -a)|z| 



p n - aw, 



a n z 



n=l 

oo 

^(g n -(-irv„)|6 n ||zr 

g n - (-l) J ~ l cro n 



n=l 



n=2 
oo 



a 



n=l 



a: 



n=2 



a 



Eq n - (-I) 1 l av n]u 
1 . I°n 



n=l 



The harmonic mappings 



f(z) = Z + V X 



a: 



1 — a 



> 0. 



n-1 



q n - (-l)J 



y n z n , 



n=2 1,1 " n=l 

where X/n^=2 + S^°=i l^/nl = 1> show that the coefficient bound given by (12.11) is 



sharp. 



□ 



Remark 2.2. In addition to the hypothesis of Theorem I2.1[ if we assume that p n > n 
(n = 2,3, . . .) and q n > n {n = 1, 2, . . .) then it is easy to deduce that n(l — a) <p n — au n 
(n = 2,3, . . .) and n(l — a) < q n — (— iy~ l av n (n = 1,2, . . .) so that 



nK + > « W ^ / , — i K + > , ; »n < 1- 

^— i 1 — a ^— ' 1 — a 



q n - (-1) J l av ri 



n=2 



n=l 



n=2 



n=l 
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By [HI Theorem 1, p. 472], / G S H and maps D onto a starlike domain. 
Let F(a, b, c; z) be the Gaussian hypergeometric function defined by 

a)n(b) n „ 



F(a,o,c;z):=]Tf^^, z£D 



n=0 



where a, 6, c are complex numbers with c ^ 0,-1, —2, . . . and (0) n is the Pochhammer 
symbol: (6% = 1 and (0)„ = 0(0 + 1) . . . (0 + n - 1) for n = 1, 2, . . .. Theorem O gives a 
sufficient condition for the harmonic function 0i + 2 to be in the class "H($i, ^j] a) where 
4>\{z) = <pi(ai,bi,Ci,z) and ^(z) = ^2(02, b 2 , c 2 ; z) are the hypergeometric functions 
defined by 

(2.3) 0i (z) := zF(a 1 , b l7 c x \ z) and ^2(2:) := F(a 2 , 6 2 , c 2 ; 2) - 1. 

Corollary 2.3. Let a&, 6^ > ; > + + 1 for k = 1,2. Furthermore, let 



p n - au n (ai) n -i(fei)n-i 9n - (-1) J (a 2 )n(fr2)n 

£^ 1-a (c 1 ) n _ 1 (l)„_ 1 1-a (c 2 )„(l) n 



where < a < 1, i,j G {0, 1}, p n > it n > (n = 2, 3, . . .) and g„ > v n > (n = 1, 2, . . .). 
Then <pi + 2 G "H($i, ^j-; a), 0i and 2 given by ( 12. 3p . 

It is worth to remark that Theorems 2.2, 2.4 and 2.11 of |3] are particular cases of 
Corollary 12.31 We next show that the coefficient condition (12. ip is also necessary for 
functions in T"H($i, ^j] a). 

Theorem 2.4. Let the function f = h + g be such that h and g are given by (II. 2p . Then 
f G T7i(^i, a) if and only if 



p n - au n ^q n - otv n 



(2.4) ^ — a n + ^ 



6.. < 1 



1 — a 

n=2 n=l 



where < a < 1, i, j G {0, 1}, p„ > n n > (n — 2, 3, . . .) and g n > i> n > {n = 1, 2, . . .). 

Proof. The sufficient part follows by Theorem 12.11 upon noting that T"H($j, a) C 
"H($i, ^/j-; a). For the necessary part, let / G T"H($j, a). Then ( 11. 3p yields 

Ke 7- — - a 

Re / (1 - a)z + Y.n=2(Pn - OtU n )a n Z n + (-iy Yln=l(Qn ~ (-l^^a^n)^^" 
V Z + Yln=2 a nUnZ n + J2n=l b n V n Z n 

^ ^„_vw„ ~ atu n )a n \z\ n - 1 - E^°=i(gn ~ (-l^at,,, „,., 

_ * — * rv-i 1 1 -1 v — ^ rvn •. 1 1 -1 



(1-a) - ^^L 2 (p n ~~ «M„)a n 


z\ 




( 


-l) j i au„)6 n | 




n— 1 


1 + E^=2 a nUn 


\z 






n-l 



The above inequality must hold for all z£l. In particular, choosing the values of z on 
the positive real axis and letting z — > 1~ we obtain the required condition (I2.4p . □ 

Theorem 12.41 immediately yields the following two corollaries. 
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Corollary 2.5. For f = h + g G T7l(^i, a) where h and g are given by (11.21) . we 

have 

1 — a 1 — a 

a n < (n = 2,3, . . .) and 6 n < (n = l,2, ...); 

p n - att n g n - (-iy l av n 

the result being sharp, for each n. 

Corollary 2.6. Suppose that $(z) = z+^2^ =2 p n z n +Y^ = x q n z n (p n , In > 0) is a harmonic 
function in D and / = h + g G where h and g are given by (11.21) . Then 

(f*$)(z) , . ^ p n <A g n 

Re > a (-2 G ©J <^> > a n + > b n < 1. 

2; 1 — a ^-^ 1 — a 

n=2 n=l 

By making use of Theorem 12.41 we obtain the following growth estimate for functions 
in the class T"H($i, a). 

Theorem 2.7. Let f G T"H($i, ^j] a), a n = p n — au n {n = 2,3,...) and T n = q„ — 
(— iy~ l av n {n = 1,2, . . .). If {a n } and {T n } are non- decreasing sequences, then 

i/wi < a + y w + iz£ fi _ ^-(-i);-'^ ^ w - 

and 

IflVll > (1 -fc^lzl - - 

77 \ 1 — a 

/or a// z G D, where r] = min{cr 2 , T 2 } and 61 = /z(0). 

Proof. Writing f = h + g where ft, and g are given by ( 11.2ft . we have 

00 

|/(z)|<(l + 6 1 )|z| + ^(a n + 6 ri )|zr 

71=2 

< (1 + mm + f-^— a n + -^—0 i^i 2 

<(l + 6i)zH > — a n H b n )\z\ 

V ^ V 1 1-a / 

< (1 + 61) 2 + 1 - -61 \z\ 2 

T] V 1 - « / 

using the hypothesis and applying Theorem 12.41 

The proof of the left hand inequality follows on lines similar to that of the right hand 
side inequality. □ 

The covering result for the class T"H($i, ^j] a) follows from the left hand inequality of 
Theorem 12.71 



rj \ 1 — a 



if,/ \ 1 , , x . 1 — a ( 01 — ( — 1)-' l av 1 , , , 
l/C*)! > (1 - bi)\z\ 1 - \ } -61 \z\ 



Corollary 2.8. Under the hypothesis of Theorem 2.1, we have 

w G C : \w\ < -{rj - 1 + a + (q x - (-lV - *^ - 77)61) \ C /(D). 
ij 
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Using Theorem 12.41 it is easily seen that the class TH($i, ^j) a) is convex and closed 
with respect to the topology of locally uniform convergence so that the closed convex 
hull of TM-i^i-, ^j] a) equals itself. The next theorem determines the extreme points of 
™<l> ( ,vl/,:n). 

Theorem 2.9. Suppose that < a < 1, i,j G {0, 1}, p n > u n > {n = 2, 3, . . .) and 
q n >v n >0 (n = 1,2, . . .). Set 

1- a 

hi(z) = z, h n (z) = z z n (n = 2, 3, . . .) and 

Pn CVU n 

g n (z) = z+ " z n (n = 1, 2, . . .). 

q n - [-1)3 l av n 

Then f G T"H($j, ^j] a) if and only if it can be expressed in the form 

oo oo 

(2.5) f(z) = ^2(X n h n + Y n9n )(z), X n >0, Y n >0 and ^(X n + F n ) = l. 

n=l n=l 

In particular, the extreme points of Tfi^i^j', oi) are {h n } and {g n }- 

Proof Let / = h + g G T"H($j, ^j] a) where h and g are given by (11. 2p . Setting 

p n -au n . q n - (-ly-toiVn 

X n = — a n {n = 2, 3, . . .) and Y n = b n (n = 1, 2, . . .), 

1 — a I — a 

we note that < X n < 1 (n = 2, 3, . . .) and < Y n < 1 (n = 1, 2, . . .) by Corollary [23J 
We define 

oo oo 

X\ = 1 — X n — Y n . 

n=2 n=l 

By Theorem 12.41 X\ > and / can be expressed in the form (12. 51) . 
Conversely, for functions of the form (12. 5 j) we obtain 

oo oo 

f(z) = Z - ^ VnZ" + ^ Z/ ™^' 
n=2 ra=l 

where /i n = (1 - a)X n /(p n - mt„) (n = 2,3, .. .) and f n = (1 - a)Y n /(q n - (-l) J_J at> n ) 
{n — 1,2,...). Since 

OO OO / i \ »_« oo 

z — ' 1 — a 1 — a ' 

n=2 n=l n=2 n=l 

it follows that / G TU{$ i: ^f, a) by Theorem □ 
For harmonic functions of the form 

oo oo oo oo 

(2.6) /(z) = z-^a„*" + J]M n and F{z) = z - A n z n + B n z n , 

n=2 n=l n=2 n=l 

where a n , 6 n , A„, S n > 0, we define the product * of / and F as 

oo oo 

(f*F)(z) = z -J2anA n z n + Y,b n B n z n = (F*f)(z), z G D. 

n=2 n=l 
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Suppose that X and J are subclasses of TTL. We say that a class X is closed under 
* if f*F G X for all /, F G X. Similarly, the class X is closed under * with members 
of ,7 if f*F G X for all / G X and F E J. In general, the class T"H($i, ^ a) is not 
closed under the product $. The analytic function f(z) = z — 2z 2 (z G D) belongs to 
TH{z + z 2 /2, z; 0), but {f*f){z) = z - Az 2 TH{z + z 2 /2, z; 0). However, we shall show 
that the class T'H^i, ^j] a) is closed under * with certain members of TTi. 



Theorem 2.10. Suppose that f,F G TV. are given by (12.61) with A n < 1 and B n <1. If 

f G % a) then f*F G % a). 

Proof. In view of Theorem 12.41 it suffices to show that the coefficients of f*F satisfy 
condition (12. 4p . Since 



Pn ~ aU n \^Qn- l OiV r , 



— a n A n + ) - b n B n 

1 — a 1 — a 

n=2 n=l 

oo oo 



< > — j ^ + > -. b n < 1, 

*— ' I — a 1 — a 

n=2 n=l 

the result follows immediately. □ 

By imposing some restrictions on the coefficients of $«, it is possible for the class 
T"H($j, a) to be closed under the product *, as seen by the following corollary. 

Corollary 2.11. Iff,Fe TH^,^;^ with p n > 1 (n = 2,3,...) and q n > 1 (n = 
1,2,...) thenf*F eTH($j,*j; a). 

Proof. Suppose that / and F are given by (12.61) . Using the hypothesis and Corollary 12.51 
it is easy to see that A n < 1 (n — 2, 3, . . .) and B n < 1 (n = 1, 2, . . .). The result now 
follows by Theorem 12.101 □ 

For c > — 1 and a harmonic function / = h + g, let X c [/] be the integral operator 
defined by 



Uf](2) = ^ [ Z t ^h(t)dt + ^ [ Z t^g(t)dt, zeB. 
z Jo z Jo 

From the representation of L c [f], it is easy to deduce that 

(oo oo \ 

^— ' c + n c + n j 

n=2 n=l / 

so that Theorem 12.101 gives 

Corollary 2.12. If f e TH^i^^a) then L c [f] G 7"H($i, or). 

Now, we determine the convex combination properties of the members of the class 
™<I\,M/,:n). 

Theorem 2.13. The class 7"H(<&i,tyj] ct) is closed under convex combinations. 
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Proof. For A; = 1,2,... suppose that fp. G TH($i, ^j] a) where 

oo oo 

f k ( Z ) = a n,kZ n + Kk^, Z G D. 

n=2 n=l 

For XlfeLi = 1, < tfc < 1, the convex combination of /Vs may be written as 

OO oo oo 

f{z) = J2hf k (z) = Z - ^nZ" + Y, 6 r l Z n , Z G © 
k=l n=2 n=l 

where 7 n = J^fcLi *fc a n,fe (n = 2, 3, . . .) and 5 n = i fc 6 n ,fc (n = 1, 2, . . .). Since 

OO 00/ 1 \ ,_j 

Ep n - aM n ^ g n - (-l) J 4 cw n 
— j 7n + >. : Or. 
I — a ^— ' 1 



n 

a 



oo / oo oo 



p n -au n t ! «f„, 

: On,fc 

1 — a 

k=l \n=2 n=l 

oo 

< J2 tk = 

k=l 



it follows that / G TU($i, % a) by Theorem [M □ 

3. An Application in univalent harmonic function theory 

For < a < 1, let Uh(o>) denote the set of all harmonic functions / G W that satisfy 
Ref(z)/z > a for z G D and let TU H {a) := U H {a) n TH. Setting $(2) = z/(l - 2) + 
z/ (1 — z) in Corollary 12.61 and using the results of Section El we obtain 

Theorem 3.1. Let the function f = h + g be such that h and g are given by ( II. 2p . Then 
f G TUn(a) if and only if 



00 00 , 

1 - a ^-i 1 - a 

n=2 n=l 



< 1. 



Furthermore, if f G 77V # (a) t/ien a n < 1 — a (n = 2, 3, . . .), 6 n < 1 — a (n = 1,2,...) 
and 

(3.1) (1 - & x )|z| - (1 - a - b!)\z\ 2 < \f(z)\ < (1 + h)\z\ + (l-a- W)\z\ 2 

for all z G D. In particular, the range /(B) contains the disk \w\ < a. 

Moreover, the extreme points of the class TUu[a) are {h n } and {g n } where h\(z) = z, 
h n (z) = z — (1 — a)z n (n = 2, 3, . . .) and # n (z) = 2 + (1 — a)z n (n = 1,2,...). 

The upper bound given in (13.11) for / G TUh(oc) is sharp and equality occurs for the 
function /(z) = z + b\z + (1 — a — bi)z 2 for b± < 1 — a. By Corollary I2.11[ the class 
77V#(a) is closed under the product *. In fact, we have 

TU H (a)iTU H (f3) C TU H (1 - (1 - a)(l - /?)) 

for a,/3 G [0,1). 
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Making use of Theorem 13. II and the well-known Gauss's summation theorem: if Re(c — 
a — b) > then 

, , , r(c)T(c — a — b) 

F(a,b,c;l) = )> \ c^0,-l,-2,... 

l(c — a)T{c — b) 

we have the following corollary. 

Corollary 3.2. Let a^, bk > 0, c& > at + bk + 1 for k = 1,2. Furthermore, if 

F(ax,bi, ci; 1) + F(a 2 , 6 2 , c 2 ; 1) < 3 

then 0i + 02 ^ Uh(o>), <$>i and <p 2 being given by (12. 3p . 

For further investigation of results regarding TUh(ch), we need to prove the following 
simple lemma. 

Lemma 3.3. Let f = h + g G H where h and g are given by ( 11. ip with b\ = g'(0) = 0. 
Suppose that A G (0, 1]. 

« #Er= 2 (kl + < A to / g - A); 

(ii) If Y^=2 n (\ a n\ + IM) — A £/ien / G — A/2) and is starlike of order 2(1 — 

A)/(2 + A). 
The results are sharp. 

Proof. Part (i) follows by Theorem 13.11 For the proof of (ii), note that 



^2{\a n \ + \bn\) < ^^2 n (\ a n\+b n \) < ~- 



2 

n=2 n=2 

By part (i) of the theorem, / G W#(l — A/2). The order of starlikeness of / follows by 
|15j . The functions z + Xz 2 and z + Xz 2 /2 show that the results in (i) and (ii) respectively 
are best possible. □ 

A well-known classical result involving differential inequalities in univalent function 
theory is Marx Strohhacker theorem which states that if / is an analytic function in D 
with /(0) = = f(0) - 1 then 

( zf"(z)\ zf'(z) 1 f(z) 1 , 

Re ( 1 + w) >0 1W > 2 =* ReJ r > 2 ( ^ D) ' 

The function f(z) = z/(l — z) shows that all these implications are sharp. However, this 
theorem does not extend to univalent harmonic mappings, that is, if / G Sh maps D onto 
a convex domain then it is not true in general that Re/(z)/z > for all z G D.. To see 
this, consider the harmonic half-plane mapping 



which maps the unit disk D univalently onto the half-plane Hew > —1/2. Figure [T] shows 
that the function L(z)/z does not have a positive real part in D. 

Denote by TS*^(a), TK? H (a) and TU° H (a), the class consisting of functions / in 
TS* H (a), TJCh(o) and TUh(oc) respectively, for which fz(0) = 0. The next theorem 
connects the relation between these three classes. 
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Theorem 3.4. For < a < 1, the following sharp inclusions hold: 
(3.2) ' 

and 
(3.3) 



TK° H {a) c TU° H 



TS* H °(a) C TU° H 



2(2 -a 
1 



2 - a 



Proof. Let / = h + g G TH where h and g are given by (11.21) . If / G TKP H (a) then 



oo ^ oo 

y^n(a n + h n ) < - \^ n(n - a)(a n + b n ) < 

z — • z — a z — ' 



a 



a 



oo ^ oo 

y^(a n + h n ) < - VVn - a)(a n + h n ) < 

* — ' I — a * — i 2 — a 



n=2 n=2 

using [8]. By Lemma IBTBT ii) / G TU° H ((3 — a)/(2(2 — a))). Regarding the other inclusion 
note that if / G TS*£(a) then 

1 — a 

> (n - a)(a n + b n ) < 
a — ' 

n=2 n=2 

by [9]. This shows that / G TU° H (l/(2 — a)) by Lemma f3.3( i) as desired. The analytic 
functions z — (l — a)z 2 / (2(2 — a)) and 2 — (1 — a)z 2 /(2 — a) show that inclusions in f)3.2p 
and ( I3.3p respectively are sharp. □ 

Remark 3.5. The proof of Theorem 13.41 shows that if / G TKP H (a) then / is starlike of 
order 2/(5 — 3a) by applying Lemma 13.3( h). This gives the inclusion 

2 



TlC H (a) C TS 



5 — 3a 



It is not known whether this inclusion is sharp for a G (0, 1). However, if a = then the 
inclusion 7X#(0) C T5^(2/5) is sharp with the extremal function as f(z) = z + z 2 /A. 




Figure 1. Graph of the function L(z)/z. 
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The functions in the class TUh{oi) need not be univalent in D. The last theorem of 
this section determines the radius of univalence, starlikeness and convexity of the class 
774(a). 

Theorem 3.6. The radius of univalence of the class TU° H (a) is 1/(2(1 — a)). This bound 
is also the radius of starlikeness of TZl° H {a) . The radius of convexity of the class TU° H (a) 
is 1/(4(1 -a)). 

Proof. Let / = h + g £ TU° H (a) where h and g are given by (II. 2p and let r £ (0, 1) be 
fixed. Then r _1 f(rz) G TU° H (a) and we have 

OO OO / j \ 

£«k ^ + T ^ )<i 

n=2 n=2 v 7 

provided nr n_1 < 1/(1 — a) which is true if r < 1/(2(1 — a)). In view of [TTJ Theorem 
1, p. 284], / is univalent and starlike in \z\ < 1/(2(1 — a)). Regarding the radius of 
convexity, note that 

OO OO / L \ 

„—0 „— 9 \ / 



n=2 n=2 

provided n 2 r n ~ l < 1/(1 — a) which is true if r < 1/(4(1 — a)). The function f(z) = z + 
(1 — a)z 2 shows that these bounds are sharp. This completes the proof of the theorem. □ 
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